One-dimensional modeling of steady frictional radial flow of a perfect gas through a high-pressure piezoelectrically actuated microvalve under low leak-rate conditions is studied. Focusing on the micro-scale gap between the boss and seat plates, a model was developed for axisymmetric flow between two thermally insulated, parallel disks flowing radially toward an outlet hole at the center of the bottom disk. The fourth-order Runge-Kutta algorithm was utilized to integrate a system of nonlinear ordinary differential equations that govern the variations of flow properties. The most notable observation is that of a drastic increase in density and static pressure in contrast to a rather small increase in the Mach number (or velocity). The total pressure drop was also shown to be significant across the seat rings. A 2D Stokes flow model was also derived for incompressible, axisymmetric, radial flow between two concentric parallel disks in order to verify the trends of the flow property variations from the compressible radial flow model. The Stokes flow model trends for both static and total pressure concurred with the predictions of the radial compressible flow model. In addition, a comparison of Stokes flow values for both the static pressure rise and the total pressure drop to that of the numerical results demonstrates the necessity of accounting for compressibility effects.
Introduction
Reduction in the mass and size of a space instrument or subsystem brings about substantial savings in launch costs. In order to enable the construction of such miniaturized spacecraft, each subsystem (e.g. propulsion module) has to fit within the spacecraft size, mass and power envelope. The miniaturized propulsion module for such spacecrafts will depend on precisely controlled propellant flow from a 3 Current address: Northrop Grumman Laser Systems, 2787 S. Orange Blossom Trail, Apopka, FL 32703, USA. pressurized propellant tank. A rapid-actuation, leak-tight microvalve at high propellant pressures is therefore required. In addition, microvalves with normally closed operation are needed, given limited power constraints. Most microvalves reported previously require further improvement in valve seating and pressure handling capability (Bosch et al 1993 , Barth 1995 , Lynch et al 2005 , Ksrobanek et al 1997 , Messner et al 1998 , Dubois et al 2001 . Prompted by these drawbacks, work at NASA's Jet Propulsion Laboratory (JPL) has led to the development of a leak-tight piezoelectric microvalve that operates at extremely high pressures for microspacecraft applications (Yang et al 2004) . The device is a normally closed microvalve assembled and fabricated primarily from micromachined silicon wafers. The microvalve consists of a custom-designed piezoelectric stack actuator bonded onto silicon valve components (such as the seat, boss and tether). The valve seat configurations include narrow-edge seating rings and tensile-stressed silicon tethers that enable the desired, normally closed, leak-tight operation. Dynamic microvalve operation has been successfully demonstrated for various inlet pressures. This piezoelectric microvalve also has potential commercial applications, including DNA analysis, miniature drug dosing systems, lab-on-a-chip and total micro-analysis, precision gas and chemical flow control for semiconductor manufacturing, precision dispensing, micro fuel cells and micro coolers for electronics.
As for the modeling of gaseous microvalves, the works of Robertson and Wise (2001) , van der Wijngaart (2002) , van der Wijngaart et al (2005) and Henning (2003) have greatly contributed to the development of comprehensive gas flow models that account for the relevant operating conditions. This paper seeks to extend the realm of previous models by considering the frictional effects within micronscale passageways of JPL's gaseous microvalve.
Specific JPL microvalve
The schematic of the core components of the microvalve including a seat plate consisting of narrow seat rings, a boss plate and a custom designed piezoelectric stack actuator is shown in figure 1 . The piezoelectric stack actuator exerts a very high block-force up to one kilo Newton that provides a valve-opening pressure far greater than the seating pressure. In this paper, the seating pressure means the force per area over the top surface of seat rings. The piezoelectric stack actuator consists of peripheral active zones and an inactive central zone. These zones are bonded to the corresponding peripheral and central areas of the boss plate. Application of a voltage to the piezoelectric stack causes the active zones to expand vertically, thus lifting the boss center plate away from the seat plate. This actuation creates a channel between the two seating surfaces, thus permitting the passage of fluids. A series of concentric narrow rings (Barth and Gordon 1994) on the seat plate is designed to provide the redundancy. Scanning electron micrographs (SEM) of the seat plate of a microvalve are shown in figure 2. These SEMs clearly show the proximity of the inlet and outlet ports. The 1.5 × 10 µm cross-section of a circular seat ring is clearly visible too. A photograph of the microvalve package constructed for high-pressure (i.e. >1000 psi) testing purpose is shown in figure 3 . A schematic drawing of a cut-away view of the microvalve housing that shows the main features is shown in figure 4 (not drawn to scale).
Characterization of the microvalve
The measured static forward flow rates for helium through an actuated microvalve for various actuation voltages and inlet pressures (Yang et al 2004) are shown in figure 5 . Piezoelectric actuation was successfully demonstrated for inlet pressures in the range of 0-1000 psi. Measured flow rates, at an actuation voltage of 10 V, were approximately 52 sccm at an inlet pressure of 300 psi. Flow rates at inlet pressures above 300 psi were above the measurement range of the flow meter used in the tests. Finally, it needs to be pointed out that the microvalve modeled in this paper is subject to very high frictional forces, resulting in small flow rates even under high pressures.
Modeling issues and reduction of complexity
The flow in the gaseous microvalves is compressible, three dimensional and can be affected by possible non-continuum effects. A number of difficulties in the computational modeling of the detailed three-dimensional flow field within the microvalve are encountered. The complexity of geometry and corresponding grid generation with such drastic differences between the millimeter-scale housing of the cavity and the micron-scale gap over the seat rings poses a great challenge. Furthermore, interaction of the fluid with a moving boundary during dynamic operation is another complication that might require dynamic re-meshing.
Reduction of complexity of geometry and domain of analysis
Instead of solving the 3D compressible gaseous flow in the entire microvalve, simplifications of geometry are considered for the static operation. Similar approaches have been reported by others, e.g. Henning (2003) . One can note the relatively large cavity space as compared to the gap created during open static operation (figure 4). Therefore, it can safely be assumed that within most of the cavity space the gas is stagnant (V ≈ 0). Thus, the cavity represents a stagnation chamber and the dynamic component of the total (stagnation) pressure is negligible. Furthermore, it can be hypothesized that a major part of the total pressure drop through the microvalve occurs within the micron-size gap between the boss and seat plates. This hypothesis is reasonable due to the small spacing between the boss and seat plates, in addition to the excessive friction imposed on the fluid by the seat rings. In support of this hypothesis, an analysis was done to determine the total pressure drop through the inlet piping to the housing cavity of the microvalve. The percentage of the total pressure drop of the inlet piping network as compared to that of the complete system was found to be less than 1.1% (Johnson 2005) .
Two-and one-dimensional axisymmetric geometry models
Based on the aforementioned hypothesis, a simplified 2D axisymmetric geometry of the gap region is considered. The flow between the boss and seat plates (disks) can be considered to be steady, axisymmetric and compressible. The gas flows radially toward an outlet hole at the center of the bottom disk (figure 6). The proposed 2D flow model is still a complicated problem, since the presence of the rings necessitates utilization of CFD tools. However, the 2D geometry can be simplified further to a 1D axisymmetric model through the representation of the seat rings with an apparent increase in flow friction. The effective increase in flow friction can be determined from available experimental or computational data in the literature. The 1D model is thus posed as steady, axisymmetric, compressible frictional flow of a perfect gas between two thermally insulated, parallel disks flowing radially toward an outlet hole at the center of the bottom disk (figure 7). It should be noted that one dimensionality of flow in similar situations involving gas flow in straight microchannels has been verified (Zohar et al 2002) , thus providing a strong impetus to develop 1D, but still comprehensive flow models.
Mathematical formulation
A 1D compressible flow analysis similar to Fanno analysis (John 1984 , Saad 1993 ) is used to determine the variations of flow properties from the inlet to the outlet for the conditions of static operation of the microvalve. The disks are assumed to be thermally insulated, and thus the flow can be considered adiabatic. This is reasonable because of the short length of the radial geometry, and the large magnitude of the flow velocity relative to that length, which makes heat exchange negligible. In this situation, the flow properties are only affected by the retarding action of friction on the two walls. The effect of the presence of seat rings is incorporated via a modified correlation for the friction coefficient.
Governing equations
The axisymmetric radial flow of a perfect gas with constant properties is assumed to be steady, one dimensional (properties depend on the radial coordinate, r) and adiabatic with no external work. The continuity, momentum and energy equations are derived in terms of the distance in the flow direction (x) and are later converted to the radial coordinate, r (figure 7). Consider the differential control volume shown in figure 8 that extends from x to x + dx, that correspond to r and r − dr, respectively. The continuity and energy equations in their difference form are dρ
with ρ, V , A andh standing for density, velocity, crosssectional area and enthalpy, respectively. Accounting for all the forces acting on the 1D control volume (figure 8) and neglecting the second-order terms, the momentum equation in the x-direction simplifies to
Quantities P, τ f and A s represent static pressure, wall shear stress and wetted wall surface, respectively. The hydraulic diameter is
2 (2πr) = 4h and h is half the distance between the disks. The wetted wall surface area on which the frictional shear stress operates is A s = (perimeter) dx = 4A Dh dx. Assuming laminar Stokes flow of an incompressible fluid flowing radially between two concentric disks, a parabolic velocity distribution for the radial velocity component (V r ) can be derived (Johnson 2005) . The appropriate relation for the wall shear stress is
with µ and z being the fluid viscosity and axial coordinate, respectively. The friction factor (f ) is
Note that the Reynolds number will change in the flow direction due to the variation of area. Substituting for the wetted surface area A s and τ f , equation (3) becomes
Combining the perfect gas, continuity and energy relations in their difference form (Johnson 2005) and upon conversion of the independent variable x into radial coordinate (r) with dr = −dx, the following differential equation for radial dependence of the Mach number
Quantities γ , R and T stand for the ratio of the specific heats, gas constant and temperature, respectively. Differential equations describing the variations of other flow properties, i.e. pressure, temperature, velocity, density, total pressure (P t ) and entropy change (ds) can be derived. These relations are not repeated here due to space limitations but can be found elsewhere (Johnson 2005) . It should be noted that for the flow condition where the fluid will travel radially outward from the symmetry axis, the above model will hold with minor changes in its derivation.
Dimensionless form of the differential equations
The governing equations (except the entropy change relation) are non-dimensionalized using the inlet conditions at the outer edge of the disk. Denoting the inlet conditions with subscript 'i', the dimensionless variables are symbolized by superscript '+'. The dimensionless forms of the differential equations are then
Variables with subscript (i) indicate values evaluated at the inlet station, whereas C p stands for the constant pressure specific heat. The effect of the presence of the seat rings on the flow properties is accounted for by employing a modified friction coefficient (F), through correlating the computational data of Luy et al (1991) . The relevant details are given by Johnson (2005) . Although the data of Luy et al (1991) were developed for a channel flow geometry, it is reasonable to also apply the correlation to the radial flow model because in taking infinitesimal steps in the radial direction the crosssectional area does not change drastically. The correlation for the modified friction coefficient is given by
where E is the dimensionless height of the seat rings (i.e. height/2h) and Re Dh is the Reynolds number based on the hydraulic diameter (4h). Note that the Reynolds number can change throughout the flow field. Even though the original computational data of Luy et al (1991) also provide information on the spacing between the seat rings, the relatively long distance in relation to the height of the seat rings necessitated ignoring its effect. Based on the existing body of knowledge on flows past obstacles in passageways, it is generally agreed that the effect of width of the rings is generally negligible. The modified friction coefficient can also depend on non-continuum effects via dependence on the Knudsen number (Karniadakis et al 2005, among many others). As discussed later, the non-continuum effects were not utilized, since the Knudsen number was shown to decrease as the gas got closer to the outlet port. Details of the numerical methods, benchmarking information and results of the predictions based on the radial flow model are now presented.
Numerical analysis
The fourth-order Runge-Kutta method was employed for the numerical integration of the system of simultaneous nonlinear ordinary differential equations. This method was utilized because of its high accuracy and convenience involving initial value problems. It only requires the appropriate initial conditions, beginning and end points and the step size of the independent variable. Some examples of fluid flow problems that are solved using the Runge-Kutta algorithm (Burden and Faires 1997) have been discussed by White (1991) .
Initial conditions.
The initial conditions for all flow properties are set equal to unity, except for the entropy change that was set to zero. Additionally, in order to integrate the differential equations (Equations (8)- (14)), initial condition quantities for the ratio of specific heats, Mach number, Reynolds number and modified friction coefficient are required. The working fluid is helium and its properties were taken from Tsederburg et al (1971) . The initial Reynolds and Mach numbers are calculated using the initial velocity Table 1 . Measured (Yang et al 2004) and extrapolated initial flow conditions. Dhi . The initial value of the modified friction coefficient is calculated using equation (15).
The initial flow conditions were extrapolated from the experimental results reported by Yang et al (2004) using a least-squares fit to the measurements shown in figure 5 (Johnson 2005) . The JPL microvalve successfully operates at pressures up to 1000 psig; however the flowmeter used could only measure flow rates with an inlet pressure range up to 300 psig. The microvalve has a deflection (shown as displacement in figure 5 ) range of 1-5 µm from the top of the 10 µm seat rings. With the effect of the seat rings accommodated in the model by the modified friction factor, the gap between the two disks (H = 2h) varies from 11 to 15 µm. Therefore, 15 sets of initial values were determined for each of the deflections at three inlet total pressures of 100, 200 and 300 psig. The initial flow conditions are tabulated in table 1. It is noted that the Mach numbers are extremely low and the initial values of Re Dhi are of the order of 15 or less. The enhanced effect of friction due to the presence of the seat rings at the inlet station is estimated to be as high as 24 times the case without the rings. Note that the values of the dimensionless spacing between the seat rings (D = spacing/2h) are also given in table 1.
Benchmarking of the computer code and related issues.
The predictions of the computer code for the case of no area change were successfully compared to the analytic solutions (Saad 1993 ) and the details are given by (Johnson 2005) . Having satisfied the benchmarking criteria, the computer code was confirmed to be accurate and viable. It was determined during benchmarking of the computer code that a uniform step size will not be sufficient in producing accurate results (Johnson 2005) . This situation was remedied by employing a shrinking step size ( r + ) that was derived from a geometric series. The step size shrinks at a user-specified percentage of the previous step size, i.e, r
with constant ω < 1. The first step size ( r + 1 ) necessary for the series of steps to end at the user-specified end point is
where r + N is the ending point of integration, r + 1 is the beginning point and N is the total number of points. Through trial and error, the most effective ω value was 0.96 for all 15 cases. The beginning and end points of integration were r 
Results and discussion
Fifteen cases were simulated corresponding to the entries of table 1. The results will be presented for three inlet total pressure conditions of 100, 200 and 300 psig. These inlet total pressure values are loosely used to notify operating conditions in the figures that are presented next.
Variation of the Reynolds number
The dependence of the local Reynolds number on the radial position for an initial total pressure of 300 psig is shown in figure 9 . Starting at the respective initial values at r + = 1 tabulated in table 1, the Reynolds number is consistently observed to rise as the gas nears the outlet at r 
Variation of the change in entropy
The flow was assumed to be adiabatic and is irreversible due to friction. Therefore, according to the second law of thermodynamics there must be an entropy rise in this system. The variations of the change in entropy with the radial position for an initial total pressure of 100 psig that is shown in figure 10 clearly exhibit this trend. The observed entropy rise is directly related to the incurred loss of the total pressure that will be discussed in detail below.
Variation of the Mach number and velocity
Due to the near-isothermal nature of this flow (Johnson 2005) , the variations of the Mach number (M + ) and velocity (V + ) are very similar. In interpreting the predicted Mach number (figure 11) for an initial total pressure of 100 psig, consider equation (8). The hydraulic diameter, gas constant, friction factor and M are always positive. Therefore, the denominator determines the sign of dM + dr + . If the Mach number is less than 1, the slope is positive and if the Mach number is greater than 1 the slope is negative. The operating Mach numbers of the current radial flow cases were subsonic and a gradual increase of the Mach number in the flow direction is expected. As for the dimensionless velocity, the gas is observed to accelerate in the flow direction (figure 12 for an initial total pressure of 300 psig); however the velocity rise is not significant. The variation of the dimensionless velocity for an incompressible fluid V + ρ=const. = 1 r + is also shown, suggesting that an incompressible fluid will dramatically accelerate in the flow direction. The marked disparity of the predictions of the compressible model in comparison to the incompressible flow relation points to the obvious need for accounting for the compressibility effects. It should be noted that similar conclusions were drawn by Zohar et al (2002) who studied subsonic steady isothermal compressible gas flow in straight and uniform microchannel both analytically and experimentally.
Variation of the total pressure
In interpreting the predictions for the variation of the total pressure (figure 13) for an initial total pressure of 100 psig, consider equation (14) . Since the change in entropy for frictional flow is always positive, this equation indicates that there is a decrease in the total pressure regardless of whether the flow is subsonic or supersonic. The numerical predictions of the total pressure drop through the passageway are compared to the total pressure drop relation for Stokes flow (Johnson 2005 )
in table 2 (Q is the volumetric flow rate). It is clear that the total pressure drop for the Stokes incompressible flow is consistently lower than the predictions of the radial model that accounts for the compressibility effect. The numerical predictions of the total pressure drop in comparison to the Stokes relation are shown in figure 14 . For an imposed total pressure at the inlet station (P ti = constant), both approaches show that as the spacing is changed from 11 to 15 µm, the incurred total pressure drop is observed to rise with the mass flow rate. Note that the percentage difference between the predictions and Stokes relation diminishes as the spacing is raised. This is expected since the effect of the ring becomes more negligible as the two disks move apart and the Stokes model becomes more realistic.
Variation of the static pressure
The dependence of the static pressure on the radial coordinate for an inlet total pressure of 100 psig is shown in figure 15 . The pressure rise in the flow direction was observed to be weakly affected by the value of the initial total pressure or the gap between the two disks. The pressure variation of an ideal incompressible fluid (Bernoulli's equation) is also shown in figure 15 . In contrast to the pressure rise trends predicted by the compressible model, Bernoulli's equation predicts that the pressure will decrease in the flow direction. In order to address these contradicting behaviors, two other simplified models for the static pressure variation were derived, namely (a) ideal compressible flow and (b) Stokes flow. For the present simulated cases for which M i are extremely small, the ideal compressible model gives P + ≈ 1. The predictions of the fluid static pressure within the passageway using the Stokes flow model are shown in figure 16 for the cases with P ti = 300 psig and H = 11 and 15 µm. The more realistic Stokes model that accounts for fluid viscosity predicts a static pressure rise that is in concert with the numerical predictions. The Stokes flow relation for the static pressure rise through the passageway, i.e.,
is compared to the pressure rise predictions in table 3. The compressible model predictions for static pressure rise through the passageway are consistently much higher than those of the Stokes flow relation. This marked difference between the two approaches further reinforces the need for accounting for the compressibility effects. In addition to the rigorous theoretical derivation that is developed to help describe the predicted pressure rise in the flow direction, it is noted that Kwok and Lee (1978-1979) have obtained similar results upon applying an integral method for analysis of compressible flow between parallel disks.
Variation of the density
Due to the predicted negligible temperature change (Johnson 2005) , density exhibits a similar trend to that of static pressure (figure 17). The drastic increase in density as compared to the relatively small increase in the Mach number suggests that the fluid is compressed markedly more than it is being accelerated. Using the continuity relation, a simple realizability condition (i.e. ρ + V + r + = 1) must be satisfied by the predicted dimensionless density and velocity values at every radial location. This relation was shown to hold extremely well.
Variation of the Knudsen number
The Knudsen number can be used for determining the validity of the continuum or rarefied flow. The criterion for the continuum flow assumption for large Re is (John 1984 )
Variation of the local Knudsen number throughout the flow for an initial total pressure of 100 psig is given in figure 18 . It is observed that Kn is decreasing nonlinearly. This decrease represents a shortening of the mean free path that is consistent with a rise of fluid density in the flow direction. Therefore, the continuum assumption remains valid, and it is not necessary to consider a slip flow condition on the walls. Finally, the total pressure drop through the outlet tube of the microvalve (figure 4) for the conditions of incompressibility and compressibility was determined. These values were found to be negligible compared to the total pressure drop predicted by the radial flow model. This further supports the initial hypothesis that most of the total pressure drop within the valve occurs as the gas flows over the seat rings.
Conclusions
The main conclusions of this modeling study are (1) A 1D flow model was developed for steady, axisymmetric, compressible frictional flow of a perfect gas between two thermally insulated, parallel disks flowing radially toward an outlet hole at the center of the bottom disk. This model was implemented to determine the variation of properties of the flow between the boss and seat plates of a JPL microvalve. The most interesting finding from the flow property trends is that of a drastic increase in density and static pressure in contrast to a rather small increase in the Mach number (or velocity). One can infer from these findings that the gas is being compressed markedly than it is being accelerated. Also of importance, the total pressure drop was shown to be significant across the seat rings. (2) A 2D Stokes flow model was derived for incompressible, axisymmetric, radial flow between two concentric parallel disks. The results of this model were used to verify the flow property variations from the radial flow model. The trends of the Stokes flow model for both static and total pressure were in accordance with the predictions of the radial compressible flow model. In addition, a comparison of Stokes flow values for both the static pressure rise and the total pressure drop to that of the numerical results demonstrates the necessity of accounting for compressibility effects. (3) The total pressure loss through the inlet and outlet tubes of the microvalve was found to be negligible in comparison to that of the total pressure loss across the seat rings, thus verifying the hypothesis that most of the total pressure drop occurs across the seat rings between the boss and seat plates.
